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Introduction
Let q : M M → M be the bundle of Riemannian metrics of a smooth manifold M of dimension n. The goal of this paper is to prove that the bundle q * 1 F M → J 1 M M , obtained by pulling the linear frame bundle F M back to the 1-jet bundle of metrics, is endowed with a unique DiffM -invariant connection form ω-called the universal Levi-Civita connection-with the property of being Riemannian with respect to the universal metric g on q * 1 T M ; or equivalently, ω is the only DiffM -invariant connection form on the subbundle OM of pairs (u x , j 1 x g) ∈ q * 1 F M such that u x is g x -orthonormal (see Theorem 5.1 and the precise definitions below). This result is analogous to that proving the existence of a canonical connection on the principal G-bundle J 1 P → C(P ), where C(P ) is the bundle of connections of a principal G-bundle P → M (see [2] ).
As is well known (e.g., see [4] ), the Levi-Civita map, which assigns its LeviCivita connection to every Riemannian metric, is a natural map, i.e., it is DiffM -equivariant with respect to the natural actions of the diffeomorphism group on the space of Riemannian metrics on M and on the space of linear connections on M . This map induces a DiffM -invariant connection form ω hor on q * 1 F M → J 1 M M , called the horizontal Levi-Civita connection as it is horizontal with respect to the projection q * 1 F M = J 1 M M × M F M → F M ; but ω hor is not a Riemannian connection, i.e., it is not reducible to OM . Surprisingly, ω is obtained by adding a contact form to ω hor , thus showing that the contact structure on J 1 M M plays a crucial role in our construction. The connection form ω allows us to construct the universal Pontryagin and Euler differential forms on J 1 M M , which contain more information than the corresponding cohomology classes on M ; for example the forms of degree greater than n do not vanish necessarily-unlike their cohomology classes. We also remark on the fact that such forms play the same role, in metric theory, than the universal characteristic forms introduced in [3] in gauge theories.
2 The geometry of the bundle of metrics
The bundle of metrics
The bundle of Riemannian metrics q :
and every Riemannian metric g is identified to a global section g : M → M M of this bundle.
Every system of coordinates (U ;
We denote by (y ij ) the inverse matrix of (y ij ). The diffeomorphism group of M acts in a natural way on M M by automorphisms of this bundle: The natural lift of a diffeomorphism φ ∈ DiffM to the bundle of metricsφ :
x M being the induced homomorphism. Hence q•φ = φ•q. In the same way, the lift of a vector field
Jets of metrics
Let q r : J r M M → M be the r-jet bundle of sections of M M and, for every r ≥ s, let q rs : J r M M → J s M M be the canonical projections. For every φ ∈ DiffM we denote byφ (r) the natural prolongation to J r M M of the liftφ given in (1); precisely,φ (r) (j
Similarly,X (r) denotes the jet prolongation of the liftX ∈ X(M M ) given in (2) .
Let (q −1 r U ; x i , y ij, y ij,I ), 1 ≤ |I| ≤ r, I ∈ N n , be the coordinate system induced by (q −1 U ; x i , y ij ); i.e., y ij,I (j
is a normal coordinate system for the metric g centered at x, then we have
. Let us fix a coordinate system (U ; x i ) centered at x ∈ M , and let φ ∈ DiffM be a diffeomorphism such that φ(x) ∈ U . The equations of the transformation φ (1) are as follows:
If M is an orientable and connected manifold, we denote by Diff + M the subgroup of orientation preserving diffeomorphisms. The manifold is said to be irreversible if DiffM = Diff + M ; otherwise, the manifold is said to be reversible. Every compact, orientable and connected manifold of dimension ≤ 3 is reversible; e.g., see [7, Chapter 9 , §1]. We recall the following result about extending diffeomorphisms (see [7, 10] [9] ), where we use the canonical identification
The bundle q *
, which satisfies the following universal property: (j 1 g) * g = g, for every Riemannian metric g on M . By means of this metric, we can identify q 
, and the second projectionq 1 :
The diffeomorphism group DiffM acts on M M and on F M as explained above; hence it acts on q * 1 F M by the induced action. If φ ∈ DiffM its lift to
We denote by ξ ∈ X(F M ) (resp. ξ ∈ X(J 1 M M ), resp.ξ ∈ X(q * 1 F M )) the infinitesimal generator of the 1-parameter group (ϕ t ) (resp. (φ t ), resp. (φ t )) defined above. We have q 1 * (ξ) = 0,q 1 * (ξ) = ξ, andπ * (ξ) = ξ. Hence, the group
This action induces a G-action on the associated bundles to q * 1 F M , (such as q * 1 T M , q * 1 T * M , etc.), and on the space of sections and differential forms with values on such bundles.
Let (e i ) be the standard basis on R n and let (e i ) be its dual basis. For every j
Hence, for every (φ, t) ∈ G, we have
The horizontal Levi-Civita connection
We denote by π : F g M → M the orthonormal frame bundle with respect to a Riemannian metric g on M , which is a reduction of group O(n) of the bundle F M . We denote by Γ g the Levi-Civita connection of g; i.e., the only symmetric connection on F g M . If there is no risk of confusion we also denote by Γ g its direct image with respect to the canonical injection F g M ֒→ F M (see [8, II. Proposition 6.1]). Analogously, ω g denotes the connection form of both connections, and ∇ g the covariant derivation law with respect to Γ g on the associated vector bundles.
is a connection form on the principal Gl(n, R)-bundleπ :
Proof. The definition makes sense as ω g | π −1 (x) depends only on j 1 x g. We check the two characteristic properties of a connection form.
(1) For every A ∈ gl(n, R) we have
as ω g is a connection form (2) For every A ∈ Gl(n, R) and X ∈ T F M J 1 MM , we have
Remark 3.3. The bundle of orthonormal frames cannot be used in the preceding definition as it depends on the metric chosen. Below, we show that, in fact, ω hor is not reducible to the bundle of orthonormal frames, although a new connection form ω can be defined, which will be reducible to this bundle.
The connection ω hor induces a derivation law ∇ ω hor in the associated bundles to q * 1 F M ; in particular, on q *
In local coordinates we have
and Ω hor is the curvature form of ω hor .
Proposition 3.4. The connection form ω hor satisfies the following properties:
(2) The form ω hor is invariant under the action of the group
Proof.
(2) First recall that if φ ∈ DiffM and ω g is the Levi-Civita connection of the metric g, then (φ −1 ) * ω g = ω φ·g is the Levi-Civita connection of the metric φ · g =φ • g • φ −1 . In the same way, if t ∈ R, then (φ −1 t ) * ω g is the LeviCivita connection of the metric exp(t) · g. From the definition of ω hor , for every X ∈ T (j 1 x g,u) q * 1 F M , and (φ, t) ∈ G we have
In local coordinates, we have
where we have used the equation
and we conclude by virtue of the formula (4).
The universal Levi-Civita connection
The connections on q * 1 F M are an affine space modelled over The following lemma can be proved by computing in local coordinates:
The next theorem states the basic properties of the universal Levi-Civita connection and it is analogous to Proposition 3.4. .
The following result shows the advantage of ω over ω hor . 
Let (x i ) be a system of normal coordinate for g centered at x. By taking the covariant exterior differential with respect to ω hor in the local expression ϑ = y ia (dy aj − y aj,k ∧ dx k ) ⊗ dx j ⊗ ∂/∂x i , and evaluating it at j 1 x g, we have
Taking the exterior differential in y ia y aj = δ i j we obtain dy ia = −y ib dy bj y jb , and taking the exterior differential in the formula (8) and evaluating at j
Substituting these expressions in (11) and taking the formula (6) into account we obtain to the curvature Ω of ω. As is well known (e.g., see [6, 8] ),
Universal Pontryagin and Euler forms
We define the universal k-Pontryagin form of M as p k (Ω) ∈ Ω 4k (J 1 M M ). Moreover, assuming M is connected and oriented, we have a principal SO(n)-bundle over
: u x is positively oriented , and ω is reducible to O + M . A well-know result (e.g., see [6, Chapter 8] , [8, XII, Theorem 2.7]) states that I SO(n) is generated by the polynomials {p k } for odd n, and by {p k , Pf} for even n, where Pf ∈ I SO(n) n/2 denotes the Pfaffian. For every even dimension n = dim M , we define the universal Euler form of M by setting
From the identity (2π) −n Pf 2 = p n/2 we deduce E∧E = p n/2 (Ω). The properties of ω lead us readily to the following (2) The universal Pontryagin forms p k (Ω) (resp. the universal Euler form E) are invariant under the action of DiffM × R (resp. Diff
(3) For any Riemannian metric g on M , we have
where Ω g denotes the curvature of the Levi-Civita connection ω g of g.
Remark 4.2. The Euler form is not invariant under the elements of Diff
The relation between the universal Pontryagin and Euler forms on J 1 M M and the usual Pontryagin and Euler classes on M is the same as the relation between characteristic forms and classes on the bundle of connections of a principal bundle (e.g., see [3] ): The map q *
, for any Riemannian metric g on M , and by 4.1-(3) the k-Pontryagin (resp. Euler) class of M is the image under this isomorphism of the cohomology class of the universal k-Pontryagin (resp. Euler) form.
As in the case of the bundle of connections of a principal bundle, the Pontryagin forms contain more information than the Pontryagin classes. For example, if 4k > n, the k-Pontryagin class vanishes, but the corresponding form does not necessarily, as dim J 1 M M > n. For example, if n = 2, then the first Pontryagin form p 1 (Ω) ∈ Ω 4 (J 1 M M ) does not vanish, whereas the first Pontryagin class vanishes by dimensional reasons. According to [5] , these higher-order Pontryagin forms can be interpreted as closed Diff + M -invariant differential forms on the space of Riemannian metrics on M . In a forthcoming paper, we shall study these forms and their extension to equivariant cohomology in a similar way as done in [5] for the characteristic forms on the bundle of connections.
5 The universal Levi-Civita connection characterized The proof of this theorem is based in the following
Equivalently, the only DiffM -invariant connection forms on the bundle q *
Proof of Theorem 5.1. The universal Levi-Civita connection ω satisfies the conditions of the statement by virtue of Theorem 3.6. Conversely, let us suppose that ω is another DiffM -invariant connection on q * 1 F M . Then, we have
Clearly, α is DiffM -invariant, and from Lemma 5.2 we have α = λϑ + µtrϑ ⊗ id T M for some λ, µ ∈ R. Hence ∇ ω g = −2 (λθ + µtrϑ ⊗ g), and consequently, ω satisfies the condition (9) if and only if λ = µ = 0; i.e., if and only if ω = ω.
Next, we state some necessary results to prove Lemma 5.2. First of all, we recall the following: 
(2) For k = 2l even, the subspace of O(n)-invariant elements on ⊗ k V is generated by the following invariant linear forms
where i 1 , i 2 , . . . , i 2l−1 , i 2l stands for an arbitrary permutation of the set of indices 1, 2, . . . , 2l − 1, 2l. 
Proposition 5.6. Let (e 1 , . . . , e n ) be the standard orthonormal base in
(1) The invariant elements under the action of O(n) on E are
where ⊙ denotes the symmetric product. (2) For n > 5 the result follows from Theorem 5.4. For n = 5, from Theorem 5.4 it follows that O(n)-invariants and SO(n)-invariants coincide on ⊗ 3 V and on S 2 V ⊗ (⊗ 2 V ). Moreover, since we have ∧ 5 V ∩ (S 2 V ⊗ (⊗ 3 V )) = 0, the same conclusion holds for the remaining summand S 2 V ⊗ (⊗ 3 V ). Finally, for n = 4, again from Theorem 5.4 and the fact that ∧ 4 V ∩ (S 2 V ⊗ (⊗ 2 V )) = 0, it follows that there are no new invariant on ⊗ 3 V or on S 2 V ⊗ (⊗ 3 V ). Also, as −id V ∈ SO(4) and (−id V ) · (η) = −η for all η ∈ S 2 V ⊗ (⊗ 3 V ), we conclude that no new invariant appears on S 2 V ⊗ (⊗ 3 V ), and the result follows.
Proof of Lemma 5.2. Let us fix a point z 0 = j 1 x0 g 0 ∈ J 1 M M , and let us consider a normal coordinate system (U ; x i ) centered at x 0 for the metric g 0 . The expression of a covector η ∈ Ω 1 (J 1 M M , ⊗ 2 T * M ) at z 0 on this coordinate system is η z0 = (λ ab,i dx i + λ (dy ij ) z0 −→ e i ⊙ e j , (dy ij,k ) z0 −→ e i ⊙ e j ⊗ e k , determines a G-module isomorphism between T * z0 J 1 M M ⊗ (⊗ 2 T * x0 M ) and the space E in the statement of Proposition 5.6. The local diffeomorphism ϕ A satisfies the conditions in Lemma 2.1 and, hence, there exists φ A ∈ DiffM extending ϕ A on a neighbourhood of x 0 . As η is DiffM -invariant we have φ A
(1) * (η) = η, and hence ϕ A (1) * (η z0 ) = η z0 for every A ∈ G. As n = dim M ≥ 4 for an irreversible M , from Proposition 5.6, for some λ, µ ∈ R, we obtain
